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Abstract. We employ a late-time expansion to study the interior of rotating black
holes coupled to a massless scalar field in asymptotically flat spacetime. We find that
decaying fluxes of scalar radiation into the black hole necessitate the existence of a
null singularity at the Cauchy horizon and a central spacelike singularity at radius
r = 0. In particular, the decaying influxes source a localized cloud of scalar radiation
near r = 0 whose amplitude grows unboundedly large as advanced time v → ∞. The
scalar cloud inevitably results in a central spacelike singularity at late times v, with
the curvature near r = 0 diverging like r−αv, where α > 0 is a constant.
1. Introduction
Long after black holes form, their exterior geometry should relax to the Kerr-Newman
geometry. Perturbations relax by either being absorbed by the horizon or by being
radiated to infinity. However, deep inside the black hole no such relaxation mechanism
exists. This means that the interior geometry is not unique and depends on initial
conditions.
There nevertheless do exists universal features in the interior of black holes such
as singularities [1]. One type of singularity is a null singularity on the geometry’s
Cauchy Horizon (CH), located at advanced time v = ∞. Consider gravitational
collapse in asymptotically flat spacetime, as depicted in the Penrose diagram in Fig. 1.
Energy radiated outwards during collapse scatters off the gravitational potential at large
distances, resulting in decaying influxes of radiation through the event horizon (EH).
Price reasoned the influx through the horizon decays with an inverse power of v [2, 3].
From the perspective of observers crossing the CH, this influx appears blue shifted
by a factor of eκv, with κ the surface gravity of the inner horizon. Penrose reasoned
this exponential blue shift leads to a curvature singularity on the CH [4]. Numerous
studies [5–22] demonstrate that a null singularity at the CH is a generic feature of black
holes in asymptotically flat spacetime ‡.
‡ A notable exception to this is near-extremal black holes in de Sitter spacetime [23].
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<latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN 9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmvMFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4QtmQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MK A7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN 9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmvMFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4QtmQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MK A7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN 9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmvMFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4QtmQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MK A7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN 9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmvMFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4QtmQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MK A7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit>
r
=
0
<latexit sha1_base64="CirWqJV7BptV0VsgQr3dy3170kE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjBdMW2lA22027dHcTdjdCCfkNXvXsTbz6Yzz6T9y2OdjWBwOP92aYmRcmnGnjut9OaWNza3unvFvZ2z84PKoen7R1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsn9zO88U6VZLJ/MNKGBwCPJIkawsZKv0C1yB9WaW3fnQOvEK0gNCrQG1Z/+MCapoNIQjrXueW5iggwrwwineaWfappgMsEj2rNUYkF1kM2PzdGFVYYoipUtadBc/TuRYaH1VIS2U2Az1qveTPzP66UmugkyJpPUUEkWi6KUIxOj2edoyBQlhk8twUQxeysiY6wwMTafpS2hyG0m3moC66R9Vffcuvd4XWveFemU4QzO4RI8aEATHqAFPhBg8AKv8Obkzrvz4XwuWktOMXMKS3C+fgEo5pRh</latexit><latexit sha1_base64="CirWqJV7BptV0VsgQr3dy3170kE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjBdMW2lA22027dHcTdjdCCfkNXvXsTbz6Yzz6T9y2OdjWBwOP92aYmRcmnGnjut9OaWNza3unvFvZ2z84PKoen7R1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsn9zO88U6VZLJ/MNKGBwCPJIkawsZKv0C1yB9WaW3fnQOvEK0gNCrQG1Z/+MCapoNIQjrXueW5iggwrwwineaWfappgMsEj2rNUYkF1kM2PzdGFVYYoipUtadBc/TuRYaH1VIS2U2Az1qveTPzP66UmugkyJpPUUEkWi6KUIxOj2edoyBQlhk8twUQxeysiY6wwMTafpS2hyG0m3moC66R9Vffcuvd4XWveFemU4QzO4RI8aEATHqAFPhBg8AKv8Obkzrvz4XwuWktOMXMKS3C+fgEo5pRh</latexit><latexit sha1_base64="CirWqJV7BptV0VsgQr3dy3170kE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjBdMW2lA22027dHcTdjdCCfkNXvXsTbz6Yzz6T9y2OdjWBwOP92aYmRcmnGnjut9OaWNza3unvFvZ2z84PKoen7R1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsn9zO88U6VZLJ/MNKGBwCPJIkawsZKv0C1yB9WaW3fnQOvEK0gNCrQG1Z/+MCapoNIQjrXueW5iggwrwwineaWfappgMsEj2rNUYkF1kM2PzdGFVYYoipUtadBc/TuRYaH1VIS2U2Az1qveTPzP66UmugkyJpPUUEkWi6KUIxOj2edoyBQlhk8twUQxeysiY6wwMTafpS2hyG0m3moC66R9Vffcuvd4XWveFemU4QzO4RI8aEATHqAFPhBg8AKv8Obkzrvz4XwuWktOMXMKS3C+fgEo5pRh</latexit><latexit sha1_base64="CirWqJV7BptV0VsgQr3dy3170kE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqBeh6MVjBdMW2lA22027dHcTdjdCCfkNXvXsTbz6Yzz6T9y2OdjWBwOP92aYmRcmnGnjut9OaWNza3unvFvZ2z84PKoen7R1nCpCfRLzWHVDrClnkvqGGU67iaJYhJx2wsn9zO88U6VZLJ/MNKGBwCPJIkawsZKv0C1yB9WaW3fnQOvEK0gNCrQG1Z/+MCapoNIQjrXueW5iggwrwwineaWfappgMsEj2rNUYkF1kM2PzdGFVYYoipUtadBc/TuRYaH1VIS2U2Az1qveTPzP66UmugkyJpPUUEkWi6KUIxOj2edoyBQlhk8twUQxeysiY6wwMTafpS2hyG0m3moC66R9Vffcuvd4XWveFemU4QzO4RI8aEATHqAFPhBg8AKv8Obkzrvz4XwuWktOMXMKS3C+fgEo5pRh</latexit>
v
=1
<latexit sha1_base64="N8GqIycuesU oI0ZWFLl6m/gNMTM=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EYI2lhGMB +YHGFvs5cs2d07ducCx5HG32CrtZ3Y+k8s/SdukitM4oOBx3szzMwLYsENuO63U1h b39jcKm6Xdnb39g/Kh0dNEyWasgaNRKTbATFMcMUawEGwdqwZkYFgrWB0N/VbY6Y Nj9QjpDHzJRkoHnJKwEpPY3yDu1yFkPbKFbfqzoBXiZeTCspR75V/uv2IJpIpoIIY 0/HcGPyMaOBUsEmpmxgWEzoiA9axVBHJjJ/NLp7gM6v0cRhpWwrwTP07kRFpTCoD2 ykJDM2yNxX/8zoJhNd+xlWcAFN0vihMBIYIT9/Hfa4ZBZFaQqjm9lZMh0QTCjakhS 2BnNhMvOUEVknzouq5Ve/hslK7zdMpohN0is6Rh65QDd2jOmogihR6Qa/ozXl23p0 P53PeWnDymWO0AOfrF6CUlu0=</latexit><latexit sha1_base64="N8GqIycuesU oI0ZWFLl6m/gNMTM=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EYI2lhGMB +YHGFvs5cs2d07ducCx5HG32CrtZ3Y+k8s/SdukitM4oOBx3szzMwLYsENuO63U1h b39jcKm6Xdnb39g/Kh0dNEyWasgaNRKTbATFMcMUawEGwdqwZkYFgrWB0N/VbY6Y Nj9QjpDHzJRkoHnJKwEpPY3yDu1yFkPbKFbfqzoBXiZeTCspR75V/uv2IJpIpoIIY 0/HcGPyMaOBUsEmpmxgWEzoiA9axVBHJjJ/NLp7gM6v0cRhpWwrwTP07kRFpTCoD2 ykJDM2yNxX/8zoJhNd+xlWcAFN0vihMBIYIT9/Hfa4ZBZFaQqjm9lZMh0QTCjakhS 2BnNhMvOUEVknzouq5Ve/hslK7zdMpohN0is6Rh65QDd2jOmogihR6Qa/ozXl23p0 P53PeWnDymWO0AOfrF6CUlu0=</latexit><latexit sha1_base64="N8GqIycuesU oI0ZWFLl6m/gNMTM=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EYI2lhGMB +YHGFvs5cs2d07ducCx5HG32CrtZ3Y+k8s/SdukitM4oOBx3szzMwLYsENuO63U1h b39jcKm6Xdnb39g/Kh0dNEyWasgaNRKTbATFMcMUawEGwdqwZkYFgrWB0N/VbY6Y Nj9QjpDHzJRkoHnJKwEpPY3yDu1yFkPbKFbfqzoBXiZeTCspR75V/uv2IJpIpoIIY 0/HcGPyMaOBUsEmpmxgWEzoiA9axVBHJjJ/NLp7gM6v0cRhpWwrwTP07kRFpTCoD2 ykJDM2yNxX/8zoJhNd+xlWcAFN0vihMBIYIT9/Hfa4ZBZFaQqjm9lZMh0QTCjakhS 2BnNhMvOUEVknzouq5Ve/hslK7zdMpohN0is6Rh65QDd2jOmogihR6Qa/ozXl23p0 P53PeWnDymWO0AOfrF6CUlu0=</latexit><latexit sha1_base64="N8GqIycuesU oI0ZWFLl6m/gNMTM=">AAACAHicbVA9SwNBEN2LXzF+RS1tFoNgFe5E0EYI2lhGMB +YHGFvs5cs2d07ducCx5HG32CrtZ3Y+k8s/SdukitM4oOBx3szzMwLYsENuO63U1h b39jcKm6Xdnb39g/Kh0dNEyWasgaNRKTbATFMcMUawEGwdqwZkYFgrWB0N/VbY6Y Nj9QjpDHzJRkoHnJKwEpPY3yDu1yFkPbKFbfqzoBXiZeTCspR75V/uv2IJpIpoIIY 0/HcGPyMaOBUsEmpmxgWEzoiA9axVBHJjJ/NLp7gM6v0cRhpWwrwTP07kRFpTCoD2 ykJDM2yNxX/8zoJhNd+xlWcAFN0vihMBIYIT9/Hfa4ZBZFaQqjm9lZMh0QTCjakhS 2BnNhMvOUEVknzouq5Ve/hslK7zdMpohN0is6Rh65QDd2jOmogihR6Qa/ozXl23p0 P53PeWnDymWO0AOfrF6CUlu0=</latexit>
EH<latexit sha1_base64="GKlYqb91H3Cqt 4IAJxbXBgD0fr4=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBkUIWUU8wHJEfY2 e8mS3b1jd0+IR/6BrdZ2Yuu/sfSfuJdcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/ +DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMo KNlR7uGoNyxa26c6B14uWkAjmag/JPfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9q zVGJBtZ/OL52hC6sMURgpW9Kgufp3IsVC66kIbKfAZqxXvUz8z+slJrz2UybjxFBJFovC hCMToextNGSKEsOnlmCimL0VkTFWmBgbztKWQMxsJt5qAuukXat6btW7r1XqN3k6RTiDc 7gED66gDg1oQgsIhPACr/DmPDvvzofzuWgtOPnMKSzB+foF0PCTrw==</latexit><latexit sha1_base64="GKlYqb91H3Cqt 4IAJxbXBgD0fr4=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBkUIWUU8wHJEfY2 e8mS3b1jd0+IR/6BrdZ2Yuu/sfSfuJdcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/ +DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMo KNlR7uGoNyxa26c6B14uWkAjmag/JPfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9q zVGJBtZ/OL52hC6sMURgpW9Kgufp3IsVC66kIbKfAZqxXvUz8z+slJrz2UybjxFBJFovC hCMToextNGSKEsOnlmCimL0VkTFWmBgbztKWQMxsJt5qAuukXat6btW7r1XqN3k6RTiDc 7gED66gDg1oQgsIhPACr/DmPDvvzofzuWgtOPnMKSzB+foF0PCTrw==</latexit><latexit sha1_base64="GKlYqb91H3Cqt 4IAJxbXBgD0fr4=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBkUIWUU8wHJEfY2 e8mS3b1jd0+IR/6BrdZ2Yuu/sfSfuJdcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/ +DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMo KNlR7uGoNyxa26c6B14uWkAjmag/JPfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9q zVGJBtZ/OL52hC6sMURgpW9Kgufp3IsVC66kIbKfAZqxXvUz8z+slJrz2UybjxFBJFovC hCMToextNGSKEsOnlmCimL0VkTFWmBgbztKWQMxsJt5qAuukXat6btW7r1XqN3k6RTiDc 7gED66gDg1oQgsIhPACr/DmPDvvzofzuWgtOPnMKSzB+foF0PCTrw==</latexit><latexit sha1_base64="GKlYqb91H3Cqt 4IAJxbXBgD0fr4=">AAAB+HicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaBkUIWUU8wHJEfY2 e8mS3b1jd0+IR/6BrdZ2Yuu/sfSfuJdcYRIfDDzem2FmXhBzpo3rfjuFjc2t7Z3ibmlv/ +DwqHx80tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WimMfUFHkkWMo KNlR7uGoNyxa26c6B14uWkAjmag/JPfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9q zVGJBtZ/OL52hC6sMURgpW9Kgufp3IsVC66kIbKfAZqxXvUz8z+slJrz2UybjxFBJFovC hCMToextNGSKEsOnlmCimL0VkTFWmBgbztKWQMxsJt5qAuukXat6btW7r1XqN3k6RTiDc 7gED66gDg1oQgsIhPACr/DmPDvvzofzuWgtOPnMKSzB+foF0PCTrw==</latexit>
r
=
1
<latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmv MFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4Qt mQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MKA7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq 51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmv MFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4Qt mQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MKA7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq 51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmv MFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4Qt mQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MKA7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq 51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit><latexit sha1_base64="I4D5050G+JRWnViJ7o5C7t2X/k0=">AAACAHicbVA 9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMImYHGFvs5cs2ds7dueEI6TxN9hqbSe2/hNL/4mb5AqT+GDg8d4MM/OCRAqDrvvtFFZW19Y3ipulre2d3b3y/kHTxKlmv MFiGeuHgBouheINFCj5Q6I5jQLJW8HwZuK3nrg2Ilb3mCXcj2hfiVAwilZ61OSKdIQKMeuWK27VnYIsEy8nFchR75Z/Or2YpRFXyCQ1pu25CfojqlEwycelTmp4Qt mQ9nnbUkUjbvzR9OIxObFKj4SxtqWQTNW/EyMaGZNFge2MKA7MojcR//PaKYaX/kioJEWu2GxRmEqCMZm8T3pCc4Yys4QyLeythA2opgxtSHNbgmhsM/EWE1gmzbOq 51a9u/NK7TpPpwhHcAyn4MEF1OAW6tAABgpe4BXenGfn3flwPmetBSefOYQ5OF+/miSW6Q==</latexit>
r
=1
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Figure 1. A Penrose diagram showing gravitational collapse of matter (blue shaded
region). During collapse an event horizon (EH) forms. Outgoing radiation emitted
during collapse scatters off the gravitational potential at large distances, resulting in
an influx of radiation which decays like v−p. The geometry contains a null singularity
at v =∞ and a spacelike singularity at r = 0 (both shown as red lines).
In this paper we shall primarily focus on central singularities in black holes created
via collapse. Numerical simulations of the collapse of a spherically symmetric charged
massless scalar field are consistent with the formation of a central spacelike singularity
at areal radius r = 0 [14] (see also [12, 13]). Combined with the singular CH, this
means the singular structure of the spacetime is that shown in the Penrose diagram in
Fig. 1 [14]. How generic are these results? In [22] we argued that decaying influxes of
radiation produced in spherically symmetric collapse make the formation of a spacelike
singularity inevitable. The infalling radiation forms a localized cloud of scalar radiation
near r = 0, whose amplitude grows unboundedly large as v →∞, and which inevitably
results in the formation of a spacelike singularity. As a consequence of the growing
cloud amplitude, the strength of the singularity increases with time, with the curvature
diverging like r−αv where α > 0 is a constant. This behavior is universal, as it arises
from the universal power law influx of radiation into the black hole. Our goal in this
paper is to generalize the analysis of [22] to rotating black holes.
It was argued long ago by Belinsky, Khalatnikov, and Lifshitz that as a generic
spacelike singularity is approached, the geometry oscillates wildly [24, 25]. It was
subsequently pointed out that the oscillatory structure can be ameliorated with the
introduction of a scalar field [26]. With this simplification in mind, we choose to study
black holes coupled to a massless scalar field.
Our analysis closely mirrors that of Ref. [22] and is based on two key assumptions.
First, we assume there is an influx of scalar radiation through the horizon which decays
like v−p. We assume p is sufficiently large such that the mass M(v) and spin a(v) of the
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Figure 2. A sketch of some outgoing null geodesics in the Kerr geometry. Geodesics
at r > r+ can escape to r = ∞. Geodesics at r− < r < r+ asymptote to r = r− as
v →∞. Note radial infalling null geodesics are lines of constant advanced time v.
black hole approach constants M(∞) and a(∞) as v →∞. The infalling radiation can
scatter off the gravitational field, thereby exciting outgoing radiation in the interior of
the black hole. This, together with outgoing radiation emitted during collapse, means
that the interior of the black hole is filled with outgoing radiation.
Recall that the Kerr solution contains inner and outer horizons at radii r− and
r+, respectively (we define our coordinates below in Sec. 2). The radii r± = r±(M,a)
depend on the mass and spin of the black hole. Following [22], our second assumption
is that the geometry exterior to the would-be inner horizon relaxes to the Kerr solution
as v →∞ §. Why is this a reasonable assumption? In the Kerr geometry, all light rays
inside the black hole propagate to r ≤ r− as v → ∞. See Fig. 2 for a sketch of some
outgoing light rays in the v−r plane. Therefore, the Kerr geometry naturally provides
a mechanism for perturbations at r > r− to relax; perturbations naturally propagate to
r ≤ r−. Numerical simulations of the interior of rotating black holes are consistent with
the geometry at r > r− relaxing to the Kerr solution as v →∞ [27].
The assumption that the geometry exterior to r− relaxes to the Kerr solution
has dramatic consequences on infalling observers passing through r−. As sketched
in Fig. 2, in the Kerr geometry outgoing light rays between r− < r < r+ approach
r− as v → ∞. This means that outgoing radiation inside the black hole must be
localized to a ball whose surface approaches r− as v → ∞. From the perspective of
infalling observers, the outgoing radiation appears blue shifted by a factor of eκv. In
follows that infalling observers encounter an effective “shock” at r = r− [27–30], where
the blue shifted radiation results in a Riemann tensor jumping from its Kerr limit to
§ For the Kerr solution the surface r = r− is null and an inner apparent horizon. Out of equilibrium
this need not be the case.
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order e2κv. Correspondingly, Raychaudhuri’s equation implies the ball of blueshifted
radiation focuses infalling radial geodesics. The focusing means that radial infalling
time-like observers propagate from r = r− to r = 0 over a proper time ∆τ ∼ e−κv [28].
In other words, infalling time-like observers encounter r = 0 effectively instantaneously
after passing through the shock at r = r−. Likewise, null rays are focused from r = r−
to r = 0 over an affine parameter interval
∆λ ∼ e−κv. (1)
The scaling (1) has been verified numerically for non-equilibrium black holes in [27,29].
r = 0
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Figure 3. A Penrose diagram showing the initial value problem we study in this
paper. Initial data is specified on some infalling v = vo null surface, with vo taken
arbitrarily large. Boundary data is specified on some outgoing null surface M. In
the shaded region we solve the equations of motion with a derivative expansion in
λ. The outgoing null surface F bounds the inner domain of validity of the derivative
expansion initial value problem and intersects r = 0 at finite time v. Decaying v−p
fluxes of infalling radiation through M always results in a null singularity at v = ∞
and a spacelike singularity at r = 0, irrespective of initial data at v = vo.
As was first pointed out in [22], the focusing of infalling geodesics by shocks suggests
there exists an expansion parameter  ≡ e−κv  1 in terms of which the equations of
motion can be solved perturbatively in the region r < r− at late times. This can be
made explicit by employing the affine parameter λ of infalling null geodesics as a radial
coordinate and expanding the equations of motion inside r− in a derivative expansion
in λ. Such an expansion is simply an expansion in powers of , which is arbitrarily small
at late times. We shall see that at leading order in the derivative expansion, Einstein’s
equations reduce to a set of 1+1D PDEs at each set of angles. This reflects the fact
that as v →∞, dynamics at each set of angles become causally disconnected.
The yellow shaded region in Fig. 3 shows the domain of dependence of the initial
value problem we consider in this paper. Initial data is specified on some infalling v = vo
null surface and boundary data is specified on some outgoing null surfaceM inside the
EH. We consider the limit where vo is arbitrarily large. OnM we impose the boundary
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condition that there is an influx of scalar radiation decaying like v−p. The outgoing null
surface F bounds the inner domain of validity of the derivative expansion initial value
problem and intersects r = 0 at a finite v.
We find that the singular structure of rotating black holes is identical to that
of spherically symmetric charged black holes [22]. In particular, infalling radiation
necessitates the existence of a null singularity on the CH and results in the formation
of a localized cloud of scalar radiation near r = 0 whose amplitude grows unboundedly
large as v → ∞. The growing cloud always results in a spacelike singularity at r = 0
at late enough times, irrespective of initial conditions at v = vo, with the curvature
diverging like r−αv with α > 0.
An outline of the rest of the paper is as follows. In Sec. 2 we write the equations
of motion, employing the affine parameter λ as a radial coordinate. In Sec. 3 we derive
approximate equations of motion, valid in the limit of large λ derivatives. In Sec. 4 we
employ the approximate equations of motion to study the causal structure of singularities
inside black holes, and in Sec. 5 we discuss generalizations of our work.
2. Equations of motion
Consider Einstein’s equations coupled to a real massless scalar field Ψ. The equations
of motion read
Eµν ≡ Rµν + 12Rgµν − 8piTµν = 0, D2Ψ = 0, (2)
where Dµ is the covariant derivative and
Tµν = DµΨDνΨ− 1
2
gµν(DΨ)
2, (3a)
is the scalar stress tensor.
Following [22, 31], we employ a characteristic evolution scheme where the metric
takes the form
ds2 = −2Adv2 + 2dλdv +Gab(dxa − F adv)(dxb − F bdv). (4)
Here xa = {θ, φ} are polar and azimuthal angular coordinates, λ is the radial coordinate,
and v is the time coordinate. Here and in what follows, lower case latin indices a, b, c, . . . ,
run over the two angular indices. It follows from the geodesic equations that radial
infalling null geodesics satisfy by v = const., xa = const., and d2λ/ds2 = 0, where s
is an affine parameter. This means λ itself affinely parameterizes null infalling radial
geodesics. The metric (4) is invariant under λ-independent coordinate changes of xa,
xa → x¯a(v, xb), (5)
and the λ-independent shifts
λ→ λ+ ξ(v, xa), (6)
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for arbitrary ξ.
We will write Einstein’s equations in component form below, keeping the angular
dependence covariant. In doing so we define ∇ to be the covariant derivative operator
w.r.t. the 2D angular metric Gab. We shall raise and lower angular indices with Gab and
Gab ≡ (G−1)ab. In addition to ∇, we will write Einstein’s equations in terms of the the
derivative operators
′ ≡ ∂λ, d+ ≡ ∂v + A∂λ. (7)
The ′ derivative is just the directional derivative along infalling radial null geodesics
whereas d+ is the directional derivative along an outgoing null geodesics. These
operators don’t commute with raising and lowering angular indices. We adopt the
convention that d+ and
′ derivatives of all 2D vector and tensor quantities will be
understood to be taken with all indices down before raising any indices. For example,
F ′a ≡ Gab∂λFb and d+F a ≡ Gab(∂v + A∂λ)Fb. Lastly, we define the normalized angular
metric hab and areal coordinate r via
Gab = r
2hab, (8)
where hab satisfies
dethab = sin
2 θ. (9)
With the above conventions and definitions, we can now write Einstein’s equations
in component form. As we shall see, requisite initial data at v = vo consists of hab and
Ψ. The Einstein-scalar system decomposes into a set of dynamical equations and a set
of radial constraint equations. The dynamical equations take of the form of a nested
system of linear ODEs in λ for ∂vhab and ∂vΨ [31]. The radial constraint equations need
only be enforced on some λ = const. surface and can be imposed as boundary conditions
on M. We begin with the dynamical set of equations.
The component Evv = 0 of Einsteins equations yields
r′′ +
[
1
8
tr(h−1h′h−1h′) + 4piΨ′2
]
r = 0, (10)
Hence if hab and Ψ are specified, Eq. (10) can be integrated in from M to find r. It
turns out that Eq. (10) is just Raychaudhuri’s equation for infalling radial null geodesics.
Note that the quantity in the brackets is ≥ 0. It follows that r′ can only increase as λ,
or equivalently r, decreases.
Defining
Πa = r
2Gab∂λF
b, (11)
the equations Eva = 0 yield
Π′a = S
(Π)
a , (12)
where the source function S
(Π)
a is
S(Π)a = −16pir2Ψ′∇aΨ + r2∇bG′ab − 4r2(1/r∇ar)′. (13)
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Hence, if hab, r and Ψ are given, Eq. (12) can be integrated in from M to find Πa.
Likewise, with Πa known, Eq. (11) can be integrated to find F
a.
The combination Evλ − AEvv = 0 yields
(rd+r)
′ = S(d+r), (14)
where the source function S(d+r) reads
S(d+r) = r
2
4
R− 1
8r2
Π2− 1
4
∇·Π + 1
2r
Π ·∇r− (r∇ · F − F · ∇r) r′− rF ·∇r′−2pir2(∇Ψ)2,
(15)
with R the 2D Ricci scalar associated with the angular metric Gab. Hence given hab, Ψ,
r, F a and Πa, this equation can be integrated in from M to find d+r.
The equation Eab − 12GabGcdEcd = 0 yields{
δcaδ
d
b − 12GcdGab
}
[(rd+hcd)
′ − S(d+h)cd ] = 0, (16)
where
S
(d+h)
ab = − 1r3∇aΠb − 12r5 ΠaΠb + 2r4 Πa∇br − 2r
′
r2
∇aFb − 1rF · ∇G′ab
− r∇[aFc]Gcdh′db − (d+r + 12r∇ · F )h′ab − 8pir ∇aΨ∇bΨ. (17)
Hence, given hab, Ψ, r, Πa, Fa and d+r, this equation can be integrated in from M to
find d+hab.
The scalar equation of motion reads
(rd+Ψ)
′ = −Ψ′d+r − 12rΠ2 − rF · ∇Ψ′ − r2∇2Ψ− r2∇ · FΨ′ − r′F · ∇Ψ. (18)
Hence, given hab, Πa, F
a and d+r, this equation can be integrated in from M to find
d+Ψ.
The equation Eaa − 2Evv − F aEva = 0 yields
A′′ = S(A), (19)
where
S(A) = − r2
4
h′abd+hab + 2r
′
r2
d+r − 12R+ 34r4 Π2 − 12∇aF bG′ab + 2r
′
r
∇ · F
− 8piΨ′d+Ψ + 4pi(∇Ψ)2 − 8piΨ′F · ∇Ψ. (20)
Hence, given hab, Ψ, r, Πa, Fa, d+r and d+hab, this equation can be integrated in from
M to find A.
We therefore see that given hab and Ψ on some v = const. slice, and boundary data
on M, the Einstein-scalar scalar system reduces to a nested system of linear ODEs in
λ for d+hab, d+Ψ and A. Once these quantities are solved for, the time derivatives of
hab and Ψ are determined by
∂vΨ = d+Ψ− AΨ′, ∂vhab = d+hab − Ah′ab. (21)
With the time derivatives computed, the system can then be advanced forward in time.
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The remaining components of Einstein’s equations, Eλv = 0 and E
λ
a = 0, are
radial constraint equations. In particular, it follows from the Bianchi Identities that if
these equations are satisfied at one value of λ and the other components of Einstein’s
equations are satisfied at all values of λ, then the Eλv = 0 and E
λ
a = 0 components
must be satisfied at all values of λ. Because of this, the radial constraint equations can
be imposed as boundary conditions on all the other equations.
The combination Eλv + F
aEλa + A
2Evv = 0 yields
d2+r +
r
2
∇ · d+F − r32 F aDbd+hab + F · ∇d+r − r2F aDbrd+hab + 18r5d+habd+hab − 12r∇2A
− (1/rF · ∇r + A′)d+r − 12r∇ · FA′ − r′F · ∇A+ 12rF a∇2Fa + 12rD(aF b)D(aFb)
+ 1
4
F 2R− 1
2
rF [aDb]D[aFb] − 4pird+Ψ2 + 4pirF 2(∇Ψ)2 − 4pir(F aab∇bΨ)2 = 0, (22)
while the combination Eλa − AEλa = 0 yields
(d+F
a)′ = Sa(d+F ), (23)
where
Sa(d+F ) = F
b(d+G
a
b)
′ −∇bd+Gab + 4r∇ar + 2∇aA′ − 2r2Fb
[∇(aΠb)]− 1
2
Gab∇ · Π]
− 2RabFb − 4d+rr2 ∇ar −∇bAG′ab + 1r2
(−2
r
d+r + A
′ − 2∇ · F − 2
r
F · r)Πa
+ 1
r2
abcdFc∇dΠb − 2r2 abcdΠc∇dFb −DbD[aF b] + 16pid+Ψ∇aΨ + 16pi(∇Ψ)2F a
+ 16picdFc∇dΨab∇bΨ, (24)
with ab = −ba and θφ ≡ r2 sin θ.
3. Derivative expansion
Following the arguments presented in the Introduction, in the region enclosed byM we
shall solve the equations of motion in the limit where λ derivatives are arbitrarily large.
Our analysis will turn out to be insensitive to the precise choice of M. However, for
pedagogical reasons it is useful to choose M to asymptote to r = r− as v →∞.
The residual diffeomorphisms (5) and (6) allows us to fix A and F a on any
λ = const. surface. For convenience, at λ = 0 we set
A|λ=0 = 0, (25)
F a|λ=0 = Ωδaφ, (26)
for some Ω = Ω(v). It follows that curves with λ = 0 and
dθ
dv
= 0,
dφ
dv
= Ω, (27)
are outgoing null curves. We chooseM to be the null surface generated by these curves.
Note that choosing M to asymptote to r− as v →∞ is tantamount to choosing initial
radial data for these null curves. Additionally, note the value of Ω = Ω(v) is arbitrary.
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One could for example choose Ω to be the rotation rate of the inner horizon of the
associated late time Kerr solution. Alternatively, one could choose Ω = 0, thereby
working in frame co-rotating with the null curves which generate M. In what follows
we will leave Ω undetermined.
In order to account for rapid λ dependence, we introduce a bookkeeping parameter
 and assume the scalings
∂λ = O(1/), d+ = O(
0), (28)
and study the equations of motion in the → 0 limit. We shall see in Sec. 3.1 that the
 → 0 limit is just the late time limit. The scaling d+ = O(0) reflects the fact that
quantities evaluated along outgoing null geodesics are not rapidly varying in v. The
scaling relations (28) and the Einstein equation (12) imply
Πa = O(
0). (29)
Likewise, scaling relations (28) and the Einstein equation (19) imply A′′ = O(1/).
Together with the boundary condition (25), this means
A = O(). (30)
Further boundary conditions are needed on M. Define
D+ ≡ d+ + F a∂a, (31)
= ∂v + A∂λ + F
a∂a,
which is simply the directional derivative along outgoing null curves with tangent
`µ = {1, A, F a}. The total time derivative of any quantity f on M is therefore
df
dv
= D+f . On M we assume the influx of scalar and tensor radiation is a power
law in accord with Price’s Law:
D+Ψ|λ=0 ∼ 1/vp, (32a)
D+hab|λ=0 ∼ 1/vq. (32b)
We will assume q > p, meaning gravitational wave tails decay faster than scalar tails [32],
but otherwise leave p and q arbitrary.
In addition to the Dirichlet boundary condition (25), Eq. (19) also requires a
Neumann boundary condition on A. The requisite boundary condition can be obtain
from our assumption that the geometry at r > r− relaxes to the Kerr solution as v →∞.
Note that even with this assumption, derivatives of the metric can become discontinuous
across r− as v →∞. However, from the scaling ∂r(A′) = O(0) it is reasonable to assume
that A′ remains continuous across r− as → 0, or equivalently as v →∞. This means
that at late times A′|λ=0 must approach its Kerr limit,
A′|λ=0 = −κ, (33)
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with κ the surface gravity of the associated Kerr inner horizon,
κ =
1
2
(
1
M(∞)−√M(∞)2 − a(∞)2 − 1M(∞)
)
, (34)
where again, M(∞) and a(∞) are the asymptotic mass and spin of the black hole.
Let us now analyze the  → 0 limit of the Einstein-scalar system. All terms in
Eqs. (10) and (12) are order 1/2 and 1/ respectively. Correspondingly, these equations
are unaltered in the  → 0 limit. The scaling relation (29) and the definition of Πa in
(11) imply that at leading order in  the metric component F a satisfies
∂λF
a = 0. (35)
With the boundary condition (26), this equation has the solution
F a = Ωδaφ. (36)
The solution (36) also satisfies the radial constraint equation (23) at leading order in .
Employing (36), at leading order in  the remaining Einstein equations (14), (16),
(19) and (22), as well as the scalar equation of motion (18), respectively reduce to
0 = (rD+r)
′, (37a)
0 =
[
δcaδ
d
b − 12GcdGab
]
(rD+hcd)
′ +D+rh′ab, (37b)
0 = A′′ + 1
4
G′abD+Gab − 4r′r2 D+r + 8piΨ′D+Ψ, (37c)
0 = D2+r − A′D+r + r
5
8
D+h
abD+hab + 4pir(D+Ψ)
2, (37d)
0 = (rD+Ψ)
′ + Ψ′D+r. (37e)
No θ derivatives appear in the equations of motion (37) and φ derivatives only appear
in the combination ∂v + Ω∂φ. It follows that the φ dependence always comes in the
combination φ− ∫ v dv˜Ω(v˜). Hence the equations of motion (37) constitute a system of
1+1D PDEs at each set of angles. Of course this can be made more explicit by working
in a rotating reference frame by setting Ω = 0.
Eq. (37a) can be integrated to yield
D+r = −ζ
r
. (38)
The constant of integration ζ can be determined from the radial constraint equation
(37d). Since the total time derivative of any quantity f on M is df/dv = D+f |λ=0, on
M Eq. (37d) can be rewritten
d
dv
D+r + κD+r = −r
5
8
D+h
abD+hab − 4pir(D+Ψ)2, (39)
where we have employed (33) to eliminate A′ in favor of the surface gravity κ. How
does this equation behave as v → ∞? Under the assumption that gravitational wave
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tails decay faster than scalar tails (meaning q > p), the first term of the r.h.s. can be
neglected. Likewise, since v derivatives onM are small compared to κ, the first term on
the l.h.s. can also be neglected. Therefore, at late times Eq. (39) becomes an algebraic
equation for D+r on M. Using (38) we therefore find
ζ ∼ (D+Ψ)2|λ=0. (40)
Using Price’s Law (32a), this becomes
ζ ∼ +1/v2p. (41)
Eqs. (38) and (41) can be employed to study the causal structure of the spacetime
enclosed by M. Consider an arbitrary null curve with velocity x˙µ = {1, λ˙, x˙a} with
f˙ ≡ ∂vf for any f . From the chain rule the radial velocity reads
r˙ = ∂vr +∇arx˙a + r′λ˙. (42)
The null condition gµν x˙
µx˙ν = 0 requires
λ˙ = A− 1
2
Gab(F
a − x˙a)(F b − x˙b). (43)
Substituting (43) into (42) yields
r˙ = D+r − (F a − x˙a)∇ar − 1
2
r′Gab(F a − x˙a)(F b − x˙b). (44)
The radial velocity is maximized when F a − x˙a = − 1
r′∇ar. It therefore follows that the
maximum radial velocity of null curves is
max(r˙) = D+r +
1
2r′
(∇r)2. (45)
The last term on the r.h.s. of this equations is order  (and also turns out to vanish at
r = 0 at late times). Employing Eqs. (38) and (41), at leading order in  we therefore
obtain
max(r˙) ∼ −v
−2p
r
. (46)
Eq. (46) means that within the domain of validity of the derivative expansion, all
light rays propagate to smaller r. Eq. (46) can be integrated in closed form to yield
r2 ∼ v1−2p + const. (47)
Clearly all null curves at r < rc must end at r = 0 in a finite time, where the critical
radius rc reads
rc ∼ v1/2−p. (48)
Light rays with r > rc can end on the CH at finite values of r. This behavior is consistent
with the Penrose diagrams shown in Figs.1 and 3.
The remaining equations of motion (37b), (37c) and (37e) cannot be solved
analytically without further approximations. In Sec. 3.1 we shall solve these equations
away from r = 0, where infalling radiation can treated perturbatively, and establish the
self-consistency condition that λ derivatives blow up like eκv. In Sec. 3.2 we shall show
that at r . rc, λ derivatives blow up like r−αveκv where α > 0 is some constant.
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3.1. Behavior away from r = 0
In this section we solve Eqs. (37) away from r = 0. Since infalling radiation decays
as v → ∞, we can neglect its effects away from r = 0 late times. This is tantamount
to imposing the boundary conditions D+r = D+hab = D+Ψ = 0 on M. In this case
Eqs. (37a), (37b), (37c) and (37e) reduce to
D+r = 0, D+Ψ = 0, D+hab = 0, A
′′ = 0. (49)
The first three equations here simply state that excitations in r, Ψ and hab are
transported along null curves tangent to D+. Using the boundary conditions (25) and
(33), the solutions to (49) read
hab = Hab(eκvλ, θ, ϕ), (50a)
Ψ = χ(eκvλ, θ, ϕ), (50b)
r = R(eκvλ, θ, ϕ), (50c)
A = −κλ, (50d)
where ϕ ≡ φ−∫ v dv˜Ω(v˜). NoteR is determined by χ andHab via Eq. (10). The function
χ encodes an outgoing flux of scalar radiation inside the black hole while Hab encodes
an outgoing flux of gravitational radiation. The outgoing radiation is not unique and
reflects the fact that the geometry inside the black hole depends on past evolution, or
in our framework, on initial data at v = vo. Note that the only non-trivial boundary
condition we imposed onM, Eq. (33), is in fact valid away fromM. It follows that our
analysis is insensitive to the precise choice ofM. We could have just as well chosenM
to asymptote to some finite r < r− as v →∞.
The solutions (50) are consistent with the scaling hypothesis (28) with bookkeeping
parameter  ≡ e−κv, meaning
∂λ ∼ eκv. (51)
From Raychaudhuri’s equation (10) we see that r′ can only increase as λ, or equivalently
r, decreases. This means that r = 0 lies at λ = O(e−κv). Correspondingly, the solution
(50d) implies A = O(e−κv), which is consistent with the scaling relation (30) with
 = e−κv.
As stated in the Introduction, the physical origin of large λ derivatives lies in the
fact that from the perspective of infalling observers, outgoing radiation inside r− appears
blue shifted by a factor of eκv. This blue shift results in dynamics at different angles
becoming causally disconnected from each other. Consequently, at r < r− the equations
of motion at different angles decouple, resulting in a system of 1+1D PDEs at each set
of angles, just as we have found.
3.2. Behavior at small r
The analysis in the preceding section neglected the effects of infalling radiation.
However, the effects of infalling radiation cannot be neglected at small r. Indeed,
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D+r ∼ −v−2pr diverges at r = 0 with an amplitude determined by infalling radiation.
In this section we show that at small r, infalling radiation results in derivatives w.r.t. λ
blowing up like r−αveκv, where α is a positive constant.
Following [22], to study the behavior of the fields at small r we have found it
convenient to change radial coordinates from λ to r. In the {v, r, θ, φ} coordinate system
Eq. (31) becomes
D+ = ∂v + (D+r)∂r + F
a∂a, (52)
= ∂v − ζr∂r + Ω∂φ,
where in the last line we used (38) and (36). The tensor and scalar wave equations (37b)
and (37e) become
0 = ∂r(rD+Ψ)− ζr∂rΨ, (53a)
0 =
[
δcaδ
d
b − 12GcdGab
]
∂r(rD+hcd)− ζr∂rhab, (53b)
where we have again used (38) to eliminate D+r. We therefore reach the conclusion
that in the {v, r, θ, φ} coordinate system, the scalar and tensor modes satisfy decoupled
PDEs. Remarkably, the scalar equation of motion is linear.
The equations of motion (53) can be solved analytically near r = 0. Approximating
D+ ≈ − ζr∂r, the scalar equation of motion (53a) has the solution
Ψ = f logmr. (54)
The constants of integration f and m encode the flux of ingoing and outgoing radiation.
Likewise, with the approximation D+ ≈ − ζr∂r the tensor equation of motion (53b) has
the solution
hθφ = β sin θ sinh (γ log µr) ,
hθθ
hφφ
= csc2 θ
1 +
√
1− β2 tanh (γ log µr)
1−√1− β2 tanh (γ log µr)e2ν . (55)
Together with the normalization condition (9), these equations determine hab near r = 0.
The four constant of integration β, µ, ν and γ encode the amplitudes of infalling and
outgoing radiation for the two gravitational modes.
The equations of motion (53) imply the “energy densities”
E ≡ r(∂rΨ)2, ρ ≡ r tr
(
h−1∂rhh−1∂rh
)
, (56)
satisfy the conservation laws
(∂v + Ω∂φ)E + ∂rS = 0, (57)
(∂v + Ω∂φ)ρ+ ∂rJ = 0, (58)
where the fluxes S and J read
S ≡ r2
ζ
(D+Ψ)
2 − ζ (∂rΨ)2, (59)
J ≡ r2
ζ
tr (h−1D+hh−1D+h)− ζtr (h−1∂rhh−1∂rh) . (60)
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The behavior of E and ρ near r = 0 will play a central role in our analysis. Eqs. (54)
and (55) imply that near r = 0 the energy densities diverge like
E ∼ f
2
r
, (61a)
ρ ∼ 2γ
2
r
. (61b)
To proceed further we must specify boundary conditions on M. The amplitude of
infalling radiation is fixed by specifying D+Ψ and D+hab while the amplitude of outgoing
radiation is fixed by specifying ∂rΨ and ∂rhab. Note that the contributions to the fluxes
S and J from outgoing radiation is suppressed by ζ, which according to (41) vanishes at
late times. The fact that outgoing modes don’t contribute to the fluxes atM is simply
a consequence of the fact that outgoing light rays have vanishing radial velocities at late
times. Indeed, the outgoing characteristic curves of the differential operators in (53)
satisfy dr/dv ∼ −v−2p.
We employ Price’s law (32) for the amplitude of infalling radiation. Using (41) we
then see that as v →∞ the fluxes through M read
S|M ∼ v
−2p
ζ
∼ 1, J |M ∼ v
−2q
ζ
∼ v2(p−q). (62)
The scalar flux is constant in time. Moreover, owing to the fact that at late times the
explicit time dependence in the scalar equation of motion (53a) is arbitrarily slowly
varying, the transport of scalar energy must approach a steady-state. Near r = 0 this
means ∂2vf
2 = 0. It follows that as v →∞ we must have
f ∼ √v. (63)
In contrast, due to the assumption q > p, the tensor energy flux vanishes at late times.
It follows that γ2  f 2 as v →∞. In other words, at small r the tensor energy density
is negligible compared to the scalar energy density.
Let us briefly address the domain of validity of the approximate scalar solution
(54). Using (63) and (54) we see that ∂vΨ ∼ ζr∂rΨ when r ∼ rc. Therefore, neglecting
v derivatives in D+ becomes valid when r . rc, meaning the expression (61a) becomes
valid when r . rc. Evidently, the tiny decaying influx of scalar radiation through M
results in a cloud of scalar radiation forming at r . rc. The energy density of the cloud
grows like E ∼ v/r, becoming increasingly singular as v →∞.
Let us now return to using the affine parameter λ as a radial coordinate and
investigate the consequences of of the diverging energies (61) on the behavior of r′
as r → 0. First, note Raychaudhuri’s equation (10) can be written
r′′ + r′2
[
1
8
ρ+ 4piE] = 0. (64)
Using Eqs. (61), Eq. (64) may be integrated near r = 0 to yield
r′ ∼ r−zC, (65)
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where C is a constant of integration and
z ≡ 4pif 2 + γ
2
4
. (66)
Recall that near M we have r′ ∼ eκv and that r′ can only increase as r decreases. It
follows that C ∼ eκv. Using Eq. (63), we then see that as v →∞
r′ ∼ r−αveκv, (67)
where α > 0 is a constant. Since the logarithmic divergence in (54) becomes dominant
when r . rc, the r−αv enhancement also kicks in when r . rc. It follows from the chain
rule that for r . rc, derivative w.r.t. λ blow up like
∂λ ∼ r−αveκv. (68)
Hence the diverging energy densities E and ρ lead to diverging λ derivatives at r = 0.
Evidently, the increasingly singular cloud of scalar radiation focuses infalling light rays,
hastening the affine parameter interval between r = rc and r = 0.
3.3. Domain of dependence and domain of validity of initial value problem
At small r the approximate equations of motion (37) can break down. Why? In deriving
the approximate equations of motion we have neglected terms which diverge like 1/rn
near r = 0 for some set of fixed powers n. For example, the Ricci scalar R of the angular
metric Gab diverges as r → 0. In deriving Eqs. (37a) and (37c) from Eqs. (14) and (19),
we have neglected R. If initial data at v = vo is non-singular, with λ derivatives of order
eκvo but finite at r = 0, then the approximate equation of motion break down beyond
log 1
r
∼ vo, where the neglected 1/rn power law divergences in Einstein’s equations
become comparable to λ derivatives.
However, even with non-singular initial data, the analysis in the preceding section
demonstrates infalling radiation results in a cloud of scalar radiation forming at r . rc,
which grows unboundedly large as v →∞. The cloud enhances the focusing of infalling
geodesics and results in λ derivatives diverging like r−αveκv inside rc. This means that
at late enough times, λ derivatives are always larger than the neglected 1/rn divergent
terms and the the approximate equations of motion (37) are valid all the way to r = 0.
Within the domain of validity of the approximate equations of motion (37), what
initial data at v = vo can we propagate forward in v? Answering this equation
is tantamount to specifying the outgoing null surface F shown in Fig. 3. Let us
restrict our attention to outgoing null surfaces governed by evolution equation (47).
We parameterized initial data for F via
r(vo)
2 = rc(vo)
2(1− δ), (69)
with 0 < δ < 1. The evolution equation (47) then yields
r2 ∼ v1−2p − v1−2po δ. (70)
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On F we then compare 1/rn to λ derivatives.
Consider first the limit δ → 0. In this case F coincides with the critical radius
rc ∼ v1/2−p and intersects r = 0 at v = ∞. On F the power law divergences
scale like 1/rn ∼ vn(p−1/2). In contrast, λ derivatives scale like eκv and hence are
always parametrically larger than the 1/rn divergences, irrespective of the r−αv late-
time enhancement. Next, suppose δ is arbitrarily small but finite. In this case Eq. (70)
implies that F intersects r = 0 at v = v∗ where v∗ = vo/δ1/(2p−1). This means the
1/rn terms diverge on F at time v = v∗  vo. Do λ derivatives diverge faster than the
neglected 1/rn terms? The answer is clearly yes due to the r−αv late-time enhancement:
the exponent αv∗ can be made arbitrarily large by taking δ smaller whereas the exponent
n is fixed. Hence λ are exponentially larger than the neglected 1/rn divergent terms.
This means that, as depicted in Fig. 3, the domain of dependence and validity of our
initial value problem always contains r = 0 at late enough times. We may therefore use
the approximate equations of motion to study the nature of the geometry at r = 0 at
late enough times.
4. Singular structure of the spacetime
The divergence of λ derivatives at v = ∞ and r = 0 indicates the presence of
singularities. Consider for simplicity the Ricci scalar,
R = 16piΨ′D+Ψ + 8pi(∇Ψ)2. (71)
At r & rc derivatives w.r.t. λ scale like eκv. Hence at r & rc the Ricci scalar blows up
like
R ∼ eκv, (72)
indicating a null singularity at the geometry’s CH. Likewise, at r . rc derivatives w.r.t.
λ scale like r−αveκv. Hence at r . rc we have
R ∼ r−αveκv, (73)
indicating a central singularity at r = 0. Note for the Kretschmann scalar K ≡
RµναβRµναβ, the analogous scaling relations are just the square of Eqs. (72) and (73).
Since all null curves at r < rc end at r = 0 at finite v, the singularity at r = 0
must be spacelike. This, combined with the singular CH, means the singular structure
of the spacetime is that depicted in Fig. (3). It is noteworthy that the magnitude of the
singularity at r = 0 increases as a function of time v. This is due to the cloud of scalar
radiation forming at r . rc, which grows unboundedly large in magnitude as v → ∞
due to being sourced by infalling tails.
The physical origin of the singularity at v = ∞ to understand [4–6, 22]. Consider
two crossing fluxes of scalar radiation of wavelength L+ and L−. The crossing fluxes
result in R ∼ 1
(L+L−)
. In the limit where either L± → 0, the curvature scalar diverges.
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Inside the black hole Price’s law (32) provide an flux of infalling radiation. Likewise, the
interior geometry of the black hole is filled with outgoing radiation, which need not fall
into r = 0. From the perspective of infalling observers, the outgoing radiation appears
blue shifted by eκv (which manifests itself in our coordinate system as λ derivatives
growing like eκv) ‖. Correspondingly, the crossing fluxes must result in the exponentially
diverging curvatures, just as seen in Eqs. (72) and (73).
5. Discussion
While the geometry inside black holes depends on initial conditions, our analysis
demonstrates that near r = 0 — specifically at r . rc — the geometry enjoys universal
features. The universal features arise not due to initial data per se, but rather from
the universal nature of decaying influxes of radiation into the black hole. The decaying
fluxes result in a cloud of scalar radiation forming at r . rc, with the scalar field Ψ
growing like Ψ ∼ √v log r. The growing scalar field results in the curvature diverging
like r−αv, where α > 0 is a constant.
It is noteworthy that the growth of the scalar cloud doesn’t depend on the power p
associated with Price’s Law (32a). This can be traced back to the fact that the scalar
energy flux S throughM is v-independent. In particular, the v-dependence of S coming
from D+Ψ in Eq. (59) is canceled by that of ζ. In fact this happens irrespective of if the
influx decays with a power of v. One merely needs the scalar influx to decay slower than
both the gravitational influx and e−κv. With these two assumptions, Eq. (40) is in fact
still valid, and the scalar energy flux S through M is still v-independent. This means
that our analysis can readily be generalized to de Sitter spacetime, where influxes decay
exponentially in v instead of with power laws.
As stated in the Introduction, without a scalar field, the results of Belinsky,
Khalatnikov, and Lifshitz suggest that any spacelike singularity at r = 0 must be
oscillatory in nature [24, 25]. This contrasts with the monotonic singularity found in
this paper. It is therefore natural to ask how much of our analysis carries over to
vacuum solutions. With the scalar turned off, do the approximate equations of motion
(37) still hold all the way to r = 0? The answer appears to be no.
Let us consider then the vacuum equations. In vacuum Eq. (41) is replaced by
ζ ∼ +1/v2q. (74)
This follows from integrating Eq. (39) with Price’s law (32b) and vanishing scalar. The
tensor energy flux (60) through M therefore scales like
J |M ∼ v
−2q
ζ
∼ 1. (75)
Naively, Eq. (75) suggests that the tensor energy density ρ grows linearly in v near
r = 0, just like the scalar energy E did. However, unlike the scalar field, the tensor field
‖ From the perspective of outgoing observers, ingoing radiation appears blue shifted by eκv.
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Figure 4. rρ for a numerically generated solution to the tensor equations of motion
(53b). ρ periodically vanishes at small r.
satisfies a nonlinear equation of motion, Eq. (53b). Due to nonlinear interactions, the
flux J need not be constant in time near r = 0 and can in fact oscillate. To demonstrate
this, in Fig. 4 we plot the tensor energy density ρ for a numerically generated solution
to (53b). We see from the figure that ρ develops oscillations in v and r and occasionally
vanishes at small radii. This stands in stark contrast to the scalar energy density,
which grows like E ∼ v/r. From Raychaudhuri’s equation, Eq. (64), the vanishing of ρ
means that there is no enhancement of λ derivatives at small radii. Correspondingly,
when ρ vanishes, the approximate equations of motion break down beyond log 1
r
∼ v,
where neglected power law divergences in Einstein’s equations become comparable to λ
derivatives. It remains to be seen how universal the behavior seen in Fig. 4 is. We leave
a detailed study of singularities in vacuum for future work.
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